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HEAT KERNEL COEFFICIENTS ON KA¨HLER MANIFOLDS
KEFENG LIU AND HAO XU
Abstract. Polterovich proved a remarkable closed formula for heat kernel co-
efficients of the Laplace operator on compact Riemannian manifolds involving
powers of Laplacians acting on the distance function. In the case of Ka¨hler
manifolds, we prove a combinatorial formula for powers of the complex Lapla-
cian and use it to derive an explicit graph theoretic formula for the numerics in
heat coefficients as a linear combination of metric jets based on Polterovich’s
formula.
1. Introduction
The Laplace operator ∆ on a Riemannian manifold (M, g) of dimension d is
given by
∆ = − 1√
det g
d∑
i,j=1
∂i(g
ij
√
det g ∂j).
The heat kernel is a smooth function H(x, y, t) ∈ C∞(M ×M × R+) that solves
the heat equation ∂H∂t +∆xH = 0 and satisfies H(x, y, t) = H(y, x, t) and
lim
t→0
∫
M
H(x, y, t)f(y)dV = f(x)
for any smooth function f of compact support.
For example, the heat kernel of Rd is
H(x, y, t) = (4πt)−d/2e−|x−y|
2/4t.
If M is compact, there is a unique heat kernel H(x, y, t) on M with the asymp-
totic expansion as t→ 0+:
(1) H(x, x, t) = (4πt)−d/2(a0(x) + a1(x)t + a2(x)t2 + · · · ).
It was first proved by Minakshisundaram-Pleijel [12]. Here the coefficients aj(x)
are curvature invariants, i.e., invariant polynomials of jets of metrics.
For compact M , there exists a complete orthonormal basis {φ0, φ1, φ2, . . . } of
L2(M), consisting of eigenfunctions of ∆, with corresponding eigenvalues λ0, λ1, λ2, . . .
arranged in increasing order 0 = λ0 < λ1 ≤ λ2 ≤ · · · , we have
H(x, y, t) =
∞∑
k=0
e−λktφk(x)φk(y)
with uniformly convergence for any fixed t. Therefore by (1), we get
∞∑
k=0
e−λkt =
∫
M
H(x, x, t) = (4πt)−d/2
(
Vol(M) + t
∫
M
1
6
ρ dV + · · ·
)
.
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The heat kernel method was extensively used in index theory [7, 17, 27], moduli
space [10], spectral geometry [4, 26], complex geometry [11] and quantum gravity
[9]. Various recursive mechanisms of computing ak(x) were developed, and explicit
formulas were known for k ≤ 5 (see e.g., [2, 6, 8, 18, 19, 20, 22]).
Polterovich [14] proved a remarkable closed formula for all heat kernel coefficients
using a generalization of the Agmon-Kannai expansion [1]. Polterovich’s formula
was applied to obtain new formulas for KdV hierarchy [13, 14] and heat invariants
of spheres [15].
Theorem 1.1 (Polterovich [14, 15]). Let w ≥ 3n. Then the heat kernel coefficients
an(x) are equal to
(2) an(x) = (−1)n
w∑
j=0
(
w + d2
j + d2
)
1
4jj!(j + n)!
∆j+n
(
f(dist(y, x)2)j
)|y=x,
where dist(y, x) is the distance function and f is an arbitrary smooth function with
f(s) = s+O(s2) for s ∈ [0, ǫ].
As noted in [14], it is very difficult to convert powers of the Laplacian and the
distance function to curvature tensors and their covariant derivatives.
By Weyl’s work on the invariants of the orthogonal group, any curvature invari-
ants on a Riemannian manifold can be formed from Riemannian curvature tensor
by covariant differentiations, multiplications and contractions. In particular, the
formal expression of an are universal curvature polynomials independent of the
dimension d.
Remark 1.2. It was proved by Weingart [21] that when f(s) = s, Polterovich’s
formula holds for w ≥ n. As noted by Weingart in a private communication to us,
when f(s) = s Polterovich’s formula was originally proved under Riemannian nor-
mal coordinates, which are quite different with Ka¨hlerian case. In fact, Riemannian
normal coordinates are never complex analytic unless the manifold is flat, which
was first noticed by Bochner (cf. [3, p. 22]). In Riemannian normal coordinates
centered at the point x = 0, the square distance is given locally by dist(y, 0)2 = |y|2.
However in Ka¨hler normal coordinates centered at the point z = 0, the square dis-
tance contains higher order terms dist(z, 0)2 = 2|z|2+ 23gij¯kl¯ziz¯jzkz¯l+O(|z|5). See
Example 3.2.
Polterovich [15, Thm. 2.1.3] showed that for general f(s), the proof of (2) may
be reduced to the case f(s) = s under a metric that needs only be Euclidean at the
center. In fact, repeating the proof of [14, Thm. 1.2.1] gives the following version
of Polterovich’s formula.
Theorem 1.3 (Polterovich). Let w ≥ 3n and (x1, . . . , xd) be local coordinates on
the Riemannian manifold M such that the Riemannian metric at the origin x = 0
is Euclidean, i.e., gij(0) = δij. Then
(3) an(x) = (−1)n
w∑
j=0
(
w + d2
j + d2
)
1
4jj!(j + n)!
∆j+n(|x|2j)|x=0.
We could apply this version of Polterovich’s formula in Ka¨hler normal coordi-
nates, since the Ka¨hler metric is Euclidean at the center (up to a scaling). More
precisely, if (z1, . . . , zd) are Ka¨hler normal cooordinates centered at z = 0. let
z′i =
√
2zi, 1 ≤ i ≤ d. Then (Rez′1, Imz′1 . . . , Rez′d, Imz′d) is Euclidean at z = 0.
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Now we state the main result of this paper. We use graphs to represent Weyl
invariants in the sense that each vertex represents a partial derivative of the Ka¨hler
metric and each edge represents the contraction of index pairs, then the heat kernel
coefficients satisfy
(4) an(z) =
stable∑
G:w(G)=n
z(G)G,
where G runs over stable digraphs of weight n (cf. Definition 2.15) and z(G) is a
graph invariant given by
(5) z(G) =
(−1)|V (G)|2w(G)
|Aut(G)|
∑
C∈C (G)
(−1)m(C)ϕ(ΓC)
(m(C) + w(G))!
.
Here C (G) is the set of all 2|E(G)| possible ways to cut edges of G and w(G) =
|E(G)| − |V (G)| is the weight of G. Given an edge-cutting C ∈ C (G), m(C) is the
number of edges being cut and ΓC is a pointed graph obtained by connecting all
loose ends to a new vertex • (cf. Definition 2.16). Finally ϕ(ΓC) is the number of
stable reductions of ΓC (see Definition 2.7).
The graph invariant z(G) has the property that if G is a disjoint union of con-
nected subgraphs G = ∪ki=1Gi, then we have
(6) z(G) =
k∏
j=1
z(Gj)/|Sym(G1, . . . , Gk)|,
where Sym(G1, . . . , Gk) is the permutation group of the connected subgraphs. It
means that we only need to know z(G) for connected graphs.
Our formula will be proved in Theorem 2.21 of the next section. In contrast
to the graph theoretic formula for Bergman kernel coefficients proved in [23], the
invariant z(G) here may be nonzero for weakly connected graphs.
Remark 1.4. The combinatorial structure of the numerics in heat coefficients as a
linear combination of curvature tensors was considered intractable (see e.g., [26]).
To the best of our knowledge, the formula (5) gives the first general result in this di-
rection. Although it is for Ka¨hler manifolds, there are explicit connections between
Ka¨hlerian and Riemannian curvature tensors. Some special cases were treated in
the appendix, which enables us to use the formula (5) to compute a1 and a2 for Rie-
mannian manifolds in §3. Our work shows the effectiveness of manipulating Ka¨hler
tensor in terms of graphs, which shall also be useful in understanding other asymp-
totic expansion coefficients in Ka¨hler geometry. As asked by Zelditch, it would be
interesting to study whether the formula (5) may be used to derive inverse spectral
results.
Acknowledgements We thank Peter Gilkey, Iosif Polterovich, Steven Rosenberg,
McKenzie Wang, Gregor Weingart and Steven Zelditch for helpful comments.
2. A graph theoretic formula of heat kernel coefficients
We introduce some notations and concepts of graph theory.
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Definition 2.1. In this paper, a graph always means a multi-digraph G = (V,E),
which is defined to be a finite directed graph allowing to have multi-edges and loops.
Here V and E are the set of vertices and edges respectively. The weight w(G) of
G is defined to be |E| − |V |. The adjacency matrix A = A(G) of a digraph G with
n vertices is a square matrix of order n whose entry Aij is the number of directed
edges from vertex i to vertex j. The outdegree deg+(v) and indgree deg−(v) of a
vertex v are defined to be the number of outward and inward edges at v respectively.
A vertex v of G is called stable if deg−(v) ≥ 2, deg+(v) ≥ 2. We call G stable if
each vertex v is stable.
A vertex v of G is called semistable if deg−(v) ≥ 1, deg+(v) ≥ 1 and deg−(v) +
deg+(v) ≥ 3. We call G semistable if each vertex v is semistable.
A digraph G is strongly connected if there is a directed path from each vertex in
G to every other vertex.
Definition 2.2. A pointed graph is a multi-digraph Γ = (V ∪ {•}, E) with a
distinguished vertex denoted by •. Let Γ− be a subgraph of Γ obtained by removing
the distinguished vertex •. We call Γ semistable (stable) if each ordinary vertex
v ∈ V (Γ−) is semistable (stable). The weight w(Γ) of Γ = (V ∪ {•}, E) is defined
to be |E| − |V |. Denote by Aut(Γ) the set of all automorphisms of Γ fixing the
distinguished vertex •.
Definition 2.3. A directed edge uv of a semistable pointed graph Γ is called
contractible if u 6= v and at least one of the following two conditions holds: (i)
u ∈ V (Γ−) and deg+(u) = 1; (ii) v ∈ V (Γ−) and deg−(v) = 1.
A semistable pointed graph Γ is called stabilizable if after contractions of a finite
number of contractible edges of Γ, the resulting graph becomes stable, which is
called the stabilization graph of Γ and denoted by Γs.
The following lemma was proved in [24, Lem. 4.5].
Lemma 2.4. Let Γ be a semistable graph.
(i) If Γ is strongly connected, then it is stabilizable.
(ii) If Γ is stabilizable semistable graph and its stabilization graph Γs is strongly
connected, then Γ is also strongly connected.
Definition 2.5. Given a strongly connected pointed graph Γ, an edge e is called
redundant if its removal from Γ produces a strongly connected subgraph. Otherwise,
it is called essential.
Lemma 2.6. Every strongly connected semistable pointed graph with at least two
vertices has a redundant edge.
Proof. Let T+(•) and T−(•) be directed spanning trees of Γ rooted at • with all
edges directed away from and towards • respectively. The existence of T+(•) and
T−(•) is guaranteed by the strongly connectedness of Γ. Their union T+(•)∪T−(•)
is a strongly connected spanning subgraph of Γ and contains all essential edges of
Γ. This implies that Γ contains at most 2|V (Γ)| − 2 essential edges.
If Γ is stable and |V (Γ)| ≥ 2, then 2|E(Γ)| ≥ 4(|V (Γ)| − 1) + 2, i.e., |E(Γ)| ≥
2|V (Γ)| − 1. Thus Γ must contain at least one redundant edge.
If Γ is merely semistable, consider its stabilizatoin graph Γs, which must contain
a redundant edge e. It is not difficult to see that e is also redundant in Γ. 
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Definition 2.7. In relation to the expression of k in Proposition 2.13, we intro-
duce a graph invariant ϕ(Γ) for any pointed graph Γ as follows:
(i) if Γ is not strongly connected, then ϕ(Γ) = 0,
(ii) if Γ has only one vertex with l loops, then ϕ(Γ) = l!,
(iii) if there is an ordinary vertex v ∈ V (Γ−) that satisfies deg+(v) = deg−(v) =
1, denote by Γ/{v} the graph obtained by smoothing out v in Γ (i.e., removing v
and connecting its two neighboring vertices), then ϕ(Γ) = ϕ(Γ/{v}),
(iv) if Γ is a strongly connected pointed graph, then
(7) ϕ(Γ) =
∑
e∈E(Γ)
ϕ(Γ− {e}),
where Γ− {e} denotes deleting an edge e from Γ while keeping the endpoints.
Table 1. ϕ(Γ) for strongly connected Γ with w(Γ) ≤ 3
• 1 • 2 1
1
''
•
1
gg • 3 1
1 ))
• 1
1
gg ◦
2
&&
•
2
ff
1 2 1 6 3 8
1
1
&&
•
2
ff 1
2
&&
•
1
ff
•
1
✹
✹✹
✹
◦
1
EE✡✡✡✡ 1 **
◦
2
jj
•
1
◦
1
==
1 44 1
1
jj
2
1
&&
•
1
ff
•
1
✸
✸✸
✸
1
1
EE☛☛☛☛ 1
1
oo
4 4 4 1 2 2
Remark 2.8. Define a strong reduction of a strongly connected pointed graph Γ to
be a procedure: at each step removes a redundant edge and smoothes out ordinary
vertices v ∈ V (Γ−) with deg+(v) = deg−(v) = 1 until a single vertex • is reached.
Then ϕ(Γ) counts the number of all strong reductions of Γ. It is not difficult to
see that a strong reduction of Γ removes exactly w(Γ) edges, since smoothing out
a vertex reduces the number of edges by one. Lemma 2.6 implies that ϕ(Γ) > 0
when Γ is strongly connected.
Lemma 2.9. If two strongly connected semistable pointed graph Γ1 and Γ2 have
the same stablization graphs, then ϕ(Γ1) = ϕ(Γ2).
Proof. We only need to prove that for a strongly connected semistable pointed
graph Γ and its stabilization graph Γs, we have ϕ(Γ) = ϕ(Γs). This follows from
the fact that if we remove a contractible edge from Γ, the resulting graph is not
strongly connected. 
Let (M, g) be a Ka¨hler manifold of dimension d. We use Einstein summation con-
vention that repeated indices are implicitly summed over. The indices i, j, k, . . . run
from 1 to n, while Greek indices α, β, γ may represent either i or i¯. Let (gij¯) be the
inverse of the matrix (gij¯). We also use the notation gij¯α1α2...αm := ∂α1α2...αmgij¯ .
Recall that at each point x on a Ka¨hler manifold, there exists a normal coordinate
system such that at x the Ka¨hler metric satisfies
gij¯(x) = δij , gij¯k1...kr (x) = gij¯l¯1...l¯r(x) = 0
for all r ≤ N ∈ N, where N can be chosen arbitrarily large.
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The curvature tensor is given by
(8) Rij¯kl¯ = −gij¯kl¯ + gmp¯gmj¯l¯gip¯k.
The covariant derivative of a covariant tensor field Tβ1...βp is defined by
(9) Tβ1...βp/γ = ∂γTβ1...βp −
p∑
i=1
ΓδγβiTβ1...βi−1δβi+1...βp ,
where the Christoffel symbols Γαβγ = 0 except for Γ
i
jk = g
il¯gjl¯k, Γ
i¯
j¯k¯
= g l¯iglj¯k¯. The
above two identities can be used to convert partial derivatives of metrics to covariant
derivatives of curvature tensors and vice versa around a normal coordinate. If we
use D and P to denote the conversions, we have for example
D(gij¯kl¯) = −Rij¯kl¯, D(gij¯kl¯α) = −Rij¯kl¯/α,
P (Rij¯kl¯/pq¯) = −gij¯kl¯pq¯ + gst¯(gpj¯sl¯giq¯kt¯ + gkj¯sl¯gpq¯it¯ + gij¯sl¯gkq¯pt¯).
Closed-form expressions for D and P in terms of summations over trees were ob-
tained in [25].
Thanks to the Ka¨hler condition ∂igjk¯ = ∂jgik¯ and ∂l¯gjk¯ = ∂k¯gjl¯, we can canon-
ically associate a polynomial in the variables {gij¯ α}|α|≥1 to a stable graph G, such
that each vertex represents a partial derivative of gij¯ and each edge represents the
contraction of a pair of barred and unbarred indices. Similarly a pointed graph Γ
represents a differential operator.
Next we prove a formula for P (f/β1···βk) as a summation over stable pointed
decorated trees (cf. [25, §4]).
Definition 2.10. A pointed decorated tree T is a directed tree with a distinguished
vertex • such that each vertex of T is decorated by a finite number of outward and
inward external-legs, corresponding to unbarred and barred indices respectively. T
is called stable if each non-distinguished vertex is stable.
Denote byPf (β1 · · ·βk) the set of pointed decorated trees T that can be obtained
by starting from the single-vertex • and letting βi, 1 ≤ i ≤ k consecutively act on
vertices, external-legs or edges, corresponding to (i), (ii) and (iii) in the following:
i) Action of a half-edge i or i¯ on a vertex v
k¯
##●
●●
●
◦ e // v
j ;;✇✇✇✇
##❍
❍❍
❍;;✇✇✇✇
=⇒
k¯
##●
●●
●
◦ e // v //
j ::✉✉✉✉
$$■
■■
■ i;;✇✇✇✇
or
k¯
##●
●●
●
◦ e // v
j ::✈✈✈✈
$$❍
❍❍
❍ i¯oo;;✇✇✇✇
ii) A half-edge i or i¯ may act on an external-leg with the same direction by
putting them together on a new vertex
k¯
##●
●●
●
◦ e // v
j ;;✇✇✇✇
##❍
❍❍
❍;;✇✇✇✇
=⇒
k¯ // ◦
##●
●●
●
i¯
<<③③③③ ◦ e // v
j <<③③③③
##❍
❍❍
❍::ttttt
or
k¯
""❉
❉❉
❉ ◦ j //
i ""❉
❉❉
❉
◦ e // v
;;✇✇✇✇
$$❏❏
❏❏❏;;✇✇✇✇
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iii) A half-edge i or i¯ may act on an edge e by inserting it in the middle of e
k¯
##●
●●
●
◦ e // v
j ;;✇✇✇✇
##❍
❍❍
❍;;✇✇✇✇
=⇒
k¯
##●
●●
●
◦ // ◦ //
i
OO
v
j ;;✇✇✇✇
##❍
❍❍
❍;;✇✇✇✇
or
k¯
##●
●●
●
◦ // ◦ // v
j ;;✇✇✇✇
##❍
❍❍
❍;;✇✇✇✇ i¯
OO
Lemma 2.11. Let k ≥ 0. Then
(10) P (f/β1···βk) =
∑
T
(−1)|V (T )|−1 T,
where T runs over Pf (β1 · · ·βk).
Proof. By (9), we have the recursive formula
P (f/β1...βk−1βk) = ∂βkP (f/β1...βk−1)−
k−1∑
i=1
ΓδβkβiP (f/β1...βi−1δβi+1...βk−1).
Note that Case (ii) of the half-edge action corresponds to the Christoffel symbols.
Then one can prove (10) inductively by observing that no two trees in Pf (β1 · · ·βk)
are identical, i.e., the procedure of generating trees in Pf (β1 · · ·βk) can be reversed.

Example 2.12. By Lemma 2.11,
P (f/ijk¯l¯)
= k¯l¯ // • ij // − • // ◦
ij ;;✇✇✇✇
k¯l¯
cc●●●●
− • // ◦
ij ;;✇✇✇✇
k¯
OO
l¯
cc●●●●
− • // ◦
ij ;;✇✇✇✇
l¯
OO
k¯
cc●●●●
=fijk¯l¯ − fpgip¯jk¯l¯ − fpk¯gip¯jl¯ − fpl¯gik¯jp¯.
Here fijk¯l¯ = ∂ijk¯l¯f denotes the partial derivative of f .
Proposition 2.13. Let  be the complex Laplacian defined by f = f/jj¯ for any
function f . Then
(11) k =
strong stable∑
Γ:w(Γ)=k
(−1)|V (Γ)|−1 ϕ(Γ)|Aut(Γ)| Γ,
where Γ runs over all strongly connected stable pointed graphs of weight k.
Proof. First we introduce the operation of attaching a directed arc uv to a graph Γ.
We have two ways of attaching the endpoints u, v: (i) attach them to any vertices
of Γ, (ii) attach them to any edges of Γ by creating a new vertex at the attaching
edge.
Given k ≥ 0, denote by Sk the multiset of graphs obtained by attaching k edges
consecutively to • in all possible ways. Obviously all graphs in Sk are strongly
connected. By (8), (9) and an similar argument of Lemma 2.11, we can prove

k =
∑
Γ∈Sk
(−1)|V (Γ)|−1 Γ.
Here the power of −1 is due to the fact that attaching an endpoint to an edge will
produce a negative sign, i.e., ∂αg
ij¯ = −gpj¯giq¯gpq¯α.
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Given a pointed graph Γ of weight k, it is not difficult to see that there is a
natural map from the set of all strong reductions of Γ (cf. Remark 2.8) to Sk by
reversing the reduction procedure. Two strong reductions map to the same image
in Sk if and only if they differ by an automorphism of Γ, which implies that Γ
occurs in Sk exactly
ϕ(Γ)
|Aut(Γ)| times. So we conclude the proof. 
Remark 2.14. Eq. (11) is an expression of k as a differential operator on func-
tions. Note that (11) holds only at the center of a normal coordinate system. By
Lemma 2.9, if we allow semistable graphs in the summation on the right side of
(11), then it holds in the entire coordinate neighborhood. See [24, §4] for a detailed
discussion.
Definition 2.15. If a pointed graph Γ satisfies deg+(•) = deg−(•) and has l loops
at •, we define m(Γ) = deg+(•)− l. When we remove • and all loops at • from Γ,
then there are m(Γ) inward and m(Γ) outward loose ends; an inward loose end may
be paired with an outward loose end to form an edge. Denote by P(Γ) the set of all
m(Γ)! possible complete pairings of these loose ends. Given a pairing P ∈ P(Γ),
denote by GP the graph generated from the pairing P . Note that two different
complete parings may produce isomorphic graphs.
Definition 2.16. Given a graph G, we can arbitrary cut m edges of G and get
2m loose ends, then we can construct a pointed graph by connecting all these loose
ends to a new vertex •. Denote by C (G) the set of all 2|E(G)| possible edge-cuttings
of G. Given an edge-cutting C ∈ C (G), denote by m(C) the number of edges being
cut and ΓC the corresponding pointed graph obtained by connecting all loose ends
to a new vertex •.
Lemma 2.17. Let Γ be a pointed graph that satisfies deg+(•) = deg−(•) and has
l loops at •. Denote m = deg+(•)− l. As a differential operator, Γ satisfies
(12) Γ
[ |z|2(l+m)
(l +m)!
]
z=0
=
(l +m+ d− 1)!
(m+ d− 1)!
∑
P∈P(Γ)
GP ,
where |z| =
√
|z1|+ · · ·+ |zd|.
Proof. By a straightforward computation, it is reduced to prove the following com-
binatorial identity: for m1 + · · ·+md = m with mi ≥ 0,
∑
a1+···+ad=l
ai≥0
d∏
j=1
(
mj + aj
mj
)
=
(
l +m+ d− 1
m+ d− 1
)
.
The right-hand side has the following enumerative interpretation: in a sequence of
l+m+ d− 1 symbols, we choose m+ d− 1 objects and make d− 1 of them to be
bars which are arranged as follows:
⋆ · · · ⋆︸ ︷︷ ︸
m1
| ⋆ · · · ⋆︸ ︷︷ ︸
m2
| · · · · · · | ⋆ · · · ⋆︸ ︷︷ ︸
md
It is not difficult to see that all these arrangements are in one-to-one correspondence
with that of the left-hand side. 
HEAT KERNEL COEFFICIENTS ON KA¨HLER MANIFOLDS 9
Lemma 2.18. Let Γ be a pointed graph that has no loops at the distinguished vertex
•. Then
(13)
1
|Aut(Γ)|
∑
P∈P(Γ)
GP =
∑
G
#{C ∈ C (G) | ΓC ∼= Γ}
|Aut(G)| G.
Proof. The group Aut(Γ) has a natural action on the set P(Γ) by permuting the
loose ends (and thus the pairings) resulting from removing •. It is not difficult to
see that the set of orbits corresponds to isomorphism classes of graphs generated
from the parings, i.e., {GP | P ∈ P(Γ)}. Given a pairing P ∈ P(Γ) and G = GP ,
denote by EP the set of edges in G resulting from the pairing. Then the isotropy
group at P of the above action is Aut(G)′, which is the subgroup of Aut(G) that
leaves EP invariant. Note that Aut(G)
′ is determined up to conjugacy in Aut(G)
for any P ∈ P(Γ) satisfying GP ∼= G. Note also that the set {C ∈ C (G) | ΓC ∼= Γ}
is in one-to-one correspondence with the coset of Aut(G)′ in Aut(G). Therefore∑
P∈P(Γ)
GP =
∑
G
|Aut(Γ)|
|Aut(G)′| G = |Aut(Γ)|
∑
G
#{C ∈ C (G) | ΓC ∼= Γ}
|Aut(G)| G,
as claimed. 
Remark 2.19. (13) can be equivalently written as
(14)
#{P ∈ P(Γ) | GP ∼= G}
|Aut(Γ)| =
#{C ∈ C (G) | ΓC ∼= Γ}
|Aut(G)|
for any graph G and pointed graph Γ.
Before we prove our main result, we need a combinatorial lemma.
Lemma 2.20. Let w ≥ m ≥ 1 and d ≥ 0. Then
(15)
w∑
j=m
(−1)j
(
w + d
j + d
)(
j + d− 1
m+ d− 1
)
= (−1)m.
Proof. Denote the left-hand side by f(m,w). Obviously f(m,m) = (−1)m. Using(
w + d+ 1
j + d
)
=
(
w + d
j + d
)
+
(
w + d
j + d− 1
)
,
it is not difficult to get
f(m,w + 1) = f(m,w) +
(w + d)!
(m+ d− 1)!(w + 1−m)!
w+1∑
j=m
(−1)j
(
w + 1−m
w + 1− j
)
= f(m,w).
Therefore (15) follows by induction. 
Theorem 2.21. On a d-dimensional Ka¨hler manifold M , the heat kernel coeffi-
cients of the (real) Laplacian is given by
(16) an(z) =
stable∑
G:w(G)=n
(−1)|V (G)|2n
|Aut(G)|
∑
C∈C (G)
(−1)m(C)ϕ(ΓC)
(m(C) + n)!
G,
where G runs over all stable graphs of weight n and C runs over all edge-cuttings
of G (cf. Definition 2.16).
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Proof. First note that the real Laplacian ∆ and complex Laplacian  are related by
 = −2∆. By applying Proposition 2.13 and Lemma 2.17 to Polterovich’s formula
(3), we make the following calculation. Note that we take w ≥ 2n below.
an(z) = (−1)n
w∑
j=0
(
w + d
j + d
)
1
4jj!(j + n)!
(−2)j+n[(2|z|2)j]
z=0
= 2n
w∑
j=0
(
w + d
j + d
)
(−1)j
(j + n)!

j+n
[ |z|2j
j!
]
z=0
= 2n
w∑
j=0
(
w + d
j + d
)
(−1)j
(j + n)!
strong stable∑
Γ:w(Γ)=j+n
(−1)|V (Γ)|−1ϕ(Γ)
Aut(Γ)
Γ
[ |z|2j
j!
]
z=0
= 2n
w∑
j=0
(
w + d
j + d
)
(−1)j
(j + n)!
×
strong stable∑
Γ:w(Γ)=j+n
deg+(•)=deg−(•)=j
(j + d− 1)!
(m(Γ) + d− 1)!
(−1)|V (Γ)|−1ϕ(Γ)
Aut(Γ)
∑
P∈P(Γ)
GP .
If Γ has l loops at • and w(Γ) = j + n, denote by Γ′ the graph obtained from
Γ by removing all loops at •. It is not difficult to see (cf. Definition 2.7) that
ϕ(Γ) =
(
j+n
l
)
ϕ(Γ′) and Aut(Γ) = l! · Aut(Γ′). Together with Lemma 2.18 and
Lemma 2.20, we get
an(z) = 2
n
w∑
j=0
(
w + d
j + d
)
(−1)j
×
strong stable∑
Γ:w(Γ)=j+n
deg+(•)=deg−(•)=j
(
j + d− 1
m(Γ) + d− 1
)
(−1)|V (Γ)|−1
(m(Γ) + n)!
ϕ(Γ′)
Aut(Γ′)
∑
P∈P(Γ)
GP
= 2n
stable∑
G:w(G)=n
w∑
m=1
w∑
j=m
(−1)j
(
w + d
j + d
)(
j + d− 1
m+ d− 1
)
(−1)|V (G)|
(m+ n)!
×
∑
C∈C(G)
m(C)=m
ϕ(ΓC)
|Aut(G)| G
=
stable∑
G:w(G)=n
(−1)|V (G)|2n
|Aut(G)|
|E(G)|∑
m=1
(−1)m
(m+ n)!
∑
C∈C(G)
m(C)=m
ϕ(ΓC)G
=
stable∑
G:w(G)=n
(−1)|V (G)|2n
|Aut(G)|
∑
C∈C (G)
(−1)m(C)ϕ(ΓC)
(m(C) + n)!
G.
The second to last equation used the crucial fact that w ≥ 2n ≥ |E(G)|. 
Denote by z(G) the coefficient of G in (16),
z(G) =
(−1)|V (G)|2w(G)
|Aut(G)|
∑
C∈C (G)
(−1)m(C)ϕ(ΓC)
(m(C) + w(G))!
.
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Proposition 2.22. If G is a disjoint union of connected subgraphs G = ∪ki=1Gi,
then we have
(17) z(G) =
k∏
j=1
z(Gj)/|Sym(G1, . . . , Gk)|,
where Sym(G1, . . . , Gk) is the permutation group of the connected subgraphs.
Proof. For any two graphs G1, G2, we have C (G1 ∪G2) = C (G1)× C (G2). Let
z˜(G) =
∑
C∈C (G)
(−1)m(C)ϕ(ΓC)
(m(C) + w(G))!
.
If C1 ∈ C (G1) and C2 ∈ C (G1), then
ϕ(ΓC1×C2) =
(
m(C1) +m(C2) + w(G1) + w(G2)
m(C1) + w(G1)
)
.
Now it is easy to see that z˜(G1 ∪G2) = z˜(G1)z˜(G2), which implies (17). 
3. Computations of a1 and a2
On a Ka¨hler manifold, we denote by Rijkl ,Ricij ,P the Riemannian curvature
tensor, Ricci curvature tensor and scalar curvature respectively, in the sense of
Riemmanian geometry, and denote by Rij¯kl¯, Ricij¯ , ρ the corresponding Ka¨hlerian
curvature tensors. The following lemma is well-known to experts. For completeness,
we give a proof in the appendix.
Lemma 3.1. On a Ka¨hler manifold, we have the identities |R|2 = 4|R|2, |Ric|2 =
2|Ric|2 and P = 2ρ.
Example 3.2. We know that on a Ka¨hler manifold, the square distance function
ξ(z, z′) := dist(z, z′)2 satisfies the following equation [16],
gij¯(z)
∂ξ(z, z′)
∂zi
∂ξ(z, z′)
∂z¯j
= 2ξ(z, z′),
which uniquely determines ξ(z, z′).
In particular, in Ka¨hler normal coordinates centered at z′ = 0, we have
gij¯(z) = δij − gji¯kl¯zkz¯l +O(|z|3),
which implies
ξ(z, 0) = dist(z, 0)2 = 2|z|2 + 2
3
gij¯kl¯ziz¯jzkz¯l +O(|z|4).
By Remark 1.2, we could take f(s) = s and w = n in Polterovich’s formula (2).
In particular,
a1 = −1
2

2(dist(z, 0)2).
Here we used the relation of real and complex Laplacians ∆ = −2.
Since

2 = [• 2]−
[
'&%$ !"#1
1
(( •
1
hh
]
,
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we have
a1 = −1
2
(
[• 2]
(
2
3
gij¯kl¯ziz¯jzkz¯l
)
−
[
'&%$ !"#1
1
(( •
1
hh
] (
2|z|2)
)
= −1
2
(
8
3
[
'&%$ !"#2
]− 2 ['&%$ !"#2 ])
= −1
3
[
'&%$ !"#2
]
= −1
3
gi¯ijj¯ =
1
3
Ri¯ijj¯ =
1
3
ρ,
where (i, i¯), (j, j¯) are paired indices to be contracted.
By Lemma 3.1, we get the well-known formula a1 =
1
6P in Riemannian tensors.
In the next example, we apply the graph theoretic formula (16) and Lemma 3.1
to compute a1 and a2 for Riemmanian manifolds.
Example 3.3. We represent a digraph as a weighted graph. The weight of a
directed edge is the number of multi-edges. The number attached to a vertex
denotes the number of its self-loops. A vertex without loops is denoted by a small
circle ◦.
There is only one stable graph with weight 1. By (16),
(18) a1 = −1
3
[
'&%$ !"#2
]
,
in agreement with the calculation in the previous example.
There are four stable graphs with weight 2. By (16),
a2 =− 2
15
[
'&%$ !"#3
]
+
1
18
[
'&%$ !"#2 | '&%$ !"#2
]
+
23
90
[
'&%$ !"#1
1
(( '&%$ !"#1
1
hh
]
+
7
45
[
◦
2
(( ◦
2
hh
]
=− 2
15
gi¯ijj¯kk¯ +
1
18
gi¯ijj¯gkk¯ll¯ +
23
90
gi¯ikl¯gjj¯lk¯ +
7
45
gij¯kl¯gji¯lk¯
=− 2
15
(−ρ+ |R|2 + 2|Ric|2)+ 1
18
ρ2 +
23
90
|Ric|2 + 7
45
|R|2
=
2
15
ρ+
1
18
ρ2 − 1
90
|Ric|2 + 1
45
|R|2.
By Lemma 3.1 and ∆ = −2, we get the well-known formulas of a1, a2 in
Riemannian tensors.
a1 =
1
6
P , a2 = − 1
30
∆P + 1
72
P2 − 1
180
|Ric|2 + 1
180
|R|2.
Appendix A. Riemannian and Ka¨hler curvature tensors
We give a proof of Lemma 3.1. Denote by J the complex structure. If e1, . . . , e2d
is an orthonormal basis such that Jei = ed+i for i = 1, . . . , d, then yi =
1√
2
(ei −√−1Jei), 1 ≤ i ≤ d is a unitary basis. By using R(u, v, w, y) = R(Ju, Jv, w, y) =
R(u, v, Jw, Jy), it is not difficult to get
R(yi, y¯j , yk, y¯l) =R(ei, ej , ek, el) +R(ei, Jej , Jek, el)(19)
−√−1R(Jei, ej , ek, el)−
√−1R(ei, ej , Jek, el).
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By definition, we have
|R|2 =
d∑
i,j,k,l=1
R(yi, y¯j, yk, y¯l)R(yj , y¯i, yl, y¯k)
=
d∑
i,j,k,l=1
R(yi, y¯j, yk, y¯l)R(yi, y¯j , yk, y¯l)
=
d∑
i,j,k,l=1
[R(ei, ej, ek, el) + R(ei, Jej, Jek, el)]
2
+
d∑
i,j,k,l=1
[R(Jei, ej , ek, el) +R(ei, ej , Jek, el)]
2
=
d∑
i,j,k,l=1
[R(ei, ej, ek, el)
2 +R(ei, Jej , Jek, el)
2
+R(Jei, ej , ek, el)
2 +R(ei, ej, Jek, el)
2].
The last equality follows from
d∑
i,j,k,l=1
R(ei, ej , ek, el)R(ei, Jej, Jek, el) = 0,(20)
d∑
i,j,k,l=1
R(Jei, ej , ek, el)R(ei, ej, Jek, el) = 0.(21)
We prove the first identity, the proof of second identity is similar.
d∑
i,j,k,l=1
R(ei, ej , ek, el)R(ei, Jej , Jek, el)
=−
d∑
i,j,k,l=1
R(ei, ej , ek, el)R(ei, Jej, ek, Jel)
=−
d∑
i,j,k,l=1
R(ei, ej , el, ek)R(ei, Jej, Jel, ek),
which implies (20). On the other hand,
|R|2 =
d∑
i,j,k,l=1
[R(ei, ej, ek, el)
2 +R(Jei, Jej , ek, el)
2
+R(ei, ej, Jek, Jel)
2 +R(Jei, Jej, Jek, Jel)
2]
+
d∑
i,j,k,l=1
[R(ei, Jej, Jek, el)
2 +R(ei, Jej, ek, Jel)
2
+R(Jei, ej, Jek, el)
2 +R(Jei, ej, ek, Jel)
2]
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+
d∑
i,j,k,l=1
[R(Jei, ej, ek, el)
2 ++R(ei, Jej , ek, el)
2
R(Jei, ej , Jek, Jel)
2 +R(ei, Jej , Jek, Jel)
2]
+
d∑
i,j,k,l=1
[R(ei, ej, Jek, el)
2 +R(ei, ej, ek, Jel)
2
+R(Jei, Jej, Jek, el)
2 +R(Jei, Jej , ek, Jel)
2]
= 4
d∑
i,j,k,l=1
[R(ei, ej, ek, el)
2 +R(ei, Jej, Jek, el)
2
+R(Jei, ej, ek, el)
2 +R(ei, ej, Jek, el)
2]
= 4|R|2.
Next we look at the Ricci curvature. By applying a unitary transformation if
necessary, we may assume that both Ric(yi, y¯j)1≤i,j≤d and Ric(ei, ej)1≤i,j≤2d are
diagonal matrices. From (19), we have
Ric(yi, y¯i) =
d∑
k=1
R(yi, y¯i, yk, y¯k)
=−
d∑
k=1
R(ei, Jei, ek, Jek)
=
d∑
k=1
R(Jei, ek, ei, Jek) +
d∑
k=1
R(ek, ei, Jei, Jek)
=
d∑
k=1
R(ei, Jek, Jek, ei) +
d∑
k=1
R(ei, ek, ek, ei)
=Ric(ei, ei)
where we used the first Bianchi identity in the third equality. Similarly we can
prove Ric(yi, y¯i) = Ric(Jei, Jei). Therefore |Ric|2 = 2|Ric|2 and P = 2ρ.
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